In this paper we investigate the dual of a Multistage Stochastic Linear Program (MSLP) to study two related questions for this class of problems. The first of these questions is the study of the optimal value of the problem as a function of the involved parameters. For this sensitivity analysis problem, we provide formulas for the derivatives of the value function with respect to the parameters and illustrate their application on an inventory problem. Since these formulas involve optimal dual solutions, we need an algorithm that computes such solutions to use them, i.e., we need to solve the dual problem.
1. Introduction. Duality plays a key role in optimization. For generic optimization problems, weak duality allows to bound the optimal value. Dual information is also used in many optimization algorithms such as Uzawa algorithm [2] , primal-dual projected gradient [19] or Stochastic Dual Dynamic Programming (SDDP) [20] . Moreover, for several classes of optimization problems, the dual is easier to solve than the primal problem, for instance when it is amenable to decomposition techniques such as price decomposition [4] . Even when there is a duality gap between the primal and dual optimal values, solving the dual already gives a bound on the optimal value, as mentioned earlier. Duality is also a fundamental tool in the reformulation of Robust Optimization problems, see for instance [3] . Finally, derivatives of the value function of classes of optimization problems can be related to optimal dual solutions, see [5] , [22] and more recently [8, 10, 11] for the characterization of subdifferentials, subgradients, and ε-subgradients of value functions of convex optimization problems.
For stochastic control problems, stochastic Lagrange multipliers were already used in [14, 15, 16] . In the context of multistage stochastic programs, duality was studied in [23, 13] , see also [25] for a review. More recently, the sensitivity analysis of multistage stochastic programs was discussed in [6] and [27] . In [6] the authors study the sensitivity with respect to parameters driving the considered price model. The corresponding parameters are in the objective function and the analysis of the estimate of marginal price is based on Danskin's theorem with the SDDP method used for the numerical calculations. In [27] , the authors use the Envelope Theorem for the sensitivity analysis. The required derivatives are described in terms of Lagrange multipliers associated with the value functions.
In this paper, focusing our attention on the dual of a Multistage Stochastic Linear Program (MSLP), we are able to provide insights into three important problems for MSLPs: sensitivity analysis, computation of a sequence of deterministic upper bounds on the optimal value which converges to the optimal value, and use of duality to solve Dynamic Programming (DP) equations on the dual which are simpler to solve (in the sense that they have convex cost-to-go functions) than primal DP equations for problems with interstage dependent cost coefficients. Our main contributions are summarized below.
Sensitivity analysis of MSLPs. We explain how to compute derivatives of the optimal value, seen as a function of the problem parameters, of a MSLP in terms of dual optimal solutions. Therefore, the construction of the dual problem is essential for our approach, contrary to [6] . With respect to the sensitivity analysis [27] , in our approach, we do not use value functions directly, which are not known and can only be approximated, but rather construct the dual problem which is solved by an SDDP type algorithm, called Dual SDDP.
Writing Dynamic Programming equations for the dual problem. A simple but crucial ingredient for our developments and subsequent analysis of solution methods for the dual problem of a MSLP is to write DP equations for that dual problem. We are not aware of another paper with these equations. However, a similar study was done in [17] . More precisely, for a stochastic linear control problem with uncertainty in the right-hand-side, in [17] , DP equations are written for the conjugate of the cost-to-go functions and using an SDDP type method for these DP equations, a sequence of upper bounds on the MSP optimal value is constructed which is the sequence of conjugate of the approximate first stage cost-to-go functions evaluated at the initial state x 0 . Our approach has the advantage of being much simpler: contrary to derivations in [17] which require some algebra, our DP equations can be immediately obtained from the dual problem formulation, this latter being known (given in [25] for instance). On top of that, we relax two assumptions made in [17] : (a) the relatively complete recourse assumption of the dual and (b) randomness in the righthand-side of the constraints only and interstage independent. The next three paragraphs describe how the scope of (a) and (b) was extended in our analysis.
Dual SDDP for dual problems without relatively complete recourse. In [17] , it is assumed that the dual problem of the considered MSLP satisfies an assumption (Assumption 3) stronger than relatively complete recourse. This assumption may not be easy to check or may not be satisfied (for instance it is not satisfied for the inventory and hydro-thermal problems considered in Section 5). Therefore, it is desirable to extend the scope of Dual SDDP in such a way that it can still compute a deterministic converging sequence of upper bounds without this assumption. We present two variants of Dual SDDP that can do that: Dual SDDP with penalizations and Dual SDDP with feasibility cuts.
Dual SDDP for dual problems with all problem data random. Our DP equations are written for problems with uncertainty in all parameters. We explain how to apply Dual SDDP for such problems that do not satisfy (b) above.
Dual SDDP for problems with interstage dependent cost coefficients. Finally, we also relax assumption (b) considering problems having interstage dependent cost coefficients. Writing DP equations for the corresponding dual problem, we give the Dual SDDP algorithm to solve these equations, which, interestingly, have concave cost-to-go functions whereas primal cost-to-go functions are not convex. This is in sharp contrast with the solution methods proposed so far such as [6, 18] which apply SDDP on the primal cost-to-go functions using a Markov chain approximation of the cost coefficients process.
The outline of the paper is the following. Our building blocks are elaborated in Section 2 where we write DP equations for the dual, we explain how to build upper bounding functions for the cost-to-go functions of the dual using penalizations, and study the dynamics of Lagrange multipliers. Sensitivity analysis of MSLPs is conducted in Section 3 while Dual SDDP and its variants are studied in Section 4. Finally, the results of numerical simulations testing the tools developed on an inventory and an hydro-thermal problem are presented in Section 5. The interested reader can find and test the code of all implementations and of Primal and Dual SDDP for MSLPs (4.15) given below at https://github.com/vguigues/Dual SDDP Library Matlab and https://github.com/vguigues/Primal SDDP Library Matlab. Proofs are collected in the Appendix.
2. Duality of multistage linear stochastic programs.
2.1. Writing Dynamic Programming equations for the dual. Consider the multistage linear stochastic program
Here vectors c t = c t (ξ t ) ∈ R nt , b t = b t (ξ t ) ∈ R mt and matrices B t = B t (ξ t ), A t = A t (ξ t ) are functions of random process ξ t ∈ R dt , t = 1, ..., T (with ξ 1 being deterministic). We denote by ξ [t] = (ξ 1 , ..., ξ t ) the history of the data process up to time t and by E |ξ [t] the corresponding conditional expectation. The optimization in (2.1) is performed over functions (policies) x t = x t (ξ [t] ), t = 1, ..., T, of the data process satisfying the feasibility constraints. The Lagrangian of problem (2.1) is
in variables x = (x 1 (ξ [1] ), . . . , x T (ξ [T ] )) and π = (π 1 (ξ [1] ), . . . , π T (ξ [T ] )) with the convention that x 0 = 0. Dualization of the feasibility constraints leads to the following dual of problem (2.1) (cf., [25, Section 3.2.3]):
Assuming that the random process ξ t , t = 1, ..., T , has a finite number of realizations (scenarios), problem (2.1) can be viewed as a large linear program and (2.3) as its dual. Assuming further that problem (2.1) has a finite optimal value, it follows by the standard theory of linear programming that the optimal values of problems (2.1) and (2.3) are equal to each other and both problems have optimal solutions. Unless stated otherwise, we make the following assumption throughout the paper.
(A1) The process ξ 1 , ..., ξ T is stagewise independent (i.e., random vector ξ t+1 is independent of ξ [t] , t = 1, ..., T − 1), and distribution of ξ t has a finite support, {ξ t1 , . . . , ξ tNt } with respective probabilities p tj , j = 1, ..., N t , t = 2, ..., T . We denote by A tj , B tj , c tj , b tj the respective scenarios corresponding to ξ tj . We can write the following dynamic programming equations for the dual problem (2.3) . At the last stage t = T , given π T −1 and ξ [T −1] , we need to solve the following problem with respect to π T :
Since ξ T is independent of ξ [T −1] , the expectation in (2.4) is unconditional with respect to the distribution of ξ T . In terms of scenarios the above problem can be written as
The optimal value V T (π T −1 , ξ T −1 ) and an optimal solution 1 (π T 1 , . . . ,π T N T ) of problem (2.5) are functions of vectors π T −1 and c T −1 and matrix A T −1 . And so on going backward in time, using the stagewise independence assumption, we can write the respective dynamic programming equations for t = T − 1, ..., 2, as
with V t (π t−1 , ξ t−1 ) being the optimal value of problem (2.6) . Finally at the first stage the following problem should be solved
Remark 2.1. These dynamic programming equations can be compared with the dynamic programming equations for primal problem (2.1), where the respective cost-to-go (value) function Q t (x t−1 , ξ tj ), j = 1, ..., N t , is given by the optimal value of
Unlike in the primal problem, the optimization (maximization) problems (2.5) and (2.6) do not decompose into separate problems with respect to each π tj and should be solved as one linear program with respect to (π t1 , ..., π tNt ). Note that the value function V t (π t−1 , ξ t−1 ) is a concave function of π t−1 , and if A t and c t , t = 2, ..., T , are deterministic, then V t (π t−1 ) is only a function of π t−1 .
Two stage.
It is instructive to consider just the two stage case, T = 2. That is consider the problem
The Lagrangian of this problem is
The dual of (2.9) is the problem
L(x 1 , x 2 , π 1 , π 2 ), that is
For finite number N of scenarios the respective primal and dual problems can be written as
Problem (2.13) can also be written as
where V 2 (π 1 ) is the optimal value of the problem
Remark 2.2. Unlike the primal problem, the dual problem does not decompose for a given π 1 into separate optimization problems with respect to π 2j . The value function V 2 (π 1 ) is concave piecewise linear and could take value −∞ for some π 1 , i.e., it could happen that for some π 1 the set of π 2j satisfying the feasibility constraints of the dual problem is empty. That is, it could happen that the dual problem does not have relatively complete recourse, even if the primal problem has relatively complete recourse. This could create a problem for numerical solutions, we will discuss this later. Remark 2.3. For a given x 1 the dual of the primal problem is obtained by dualization of the last constraints in (2.12) , that is
If the primal problem has relatively complete recourse and finite optimal value, then for x 1 satisfying the feasibility constraints of the first stage problem, the second stage problem has finite optimal value. It follows that the optimal value of problem (2.16) is finite and hence that problem has a feasible solution. Comparing problems (2.15) and (2.16), we can conclude that the infeasibility in (2.15) can happen because the last constraint of this problem does not have a solution for some π 1 .
2.3. Relatively complete recourse. As it was pointed in Remark 2.2, already in the two stage case it could happen that the dual problem does not have relatively complete recourse even if the primal problem has it. Recall that we assume that the set of possible realizations (scenarios) of the data process is finite. Definition 2.1. We say that a sequenceπ t , t = 1, ..., T , is generated by the forward (dual) process if π 1 ∈ R m1 and for π t−1 =π t−1 , t = 2, ..., T , going forward in time,π t coincides with some π tj , j = 1, ..., N t , where π t1 , . . . , π tNt is a feasible solution of the respective dynamic program -program (2.6) for t = 2, ..., T −1, and program (2.5) for t = T . We say that the dual problem (2.3) has relatively complete recourse if at every stage t = 2, ..., T , for any generated π t−1 by the forward process, the respective dynamic program has a feasible solution at stage t for every realization of the random data.
Without the relatively complete recourse it could happen that V t (π t−1 , ξ t−1 ) = −∞ for a generated π t−1 and ξ t−1 = ξ t−1j . One way to deal with the problem of absence of relatively complete recourse in numerical procedures is to use feasibility cuts, we will discuss this later. Another way is the following penalty approach which will be used in Section 4. As it was pointed in Remark 2.3, the infeasibility of problem (2.5) can happen because of its last constraint. In order to deal with this, consider the following relaxation of problem (2.5):
where v T is a vector with positive components. We have that problem (2.17) is always feasible and hence its optimal valueṼ T (π T −1 , ξ T −1 ) > −∞. We also have that
with the equality holding if ζ T = 0 in the optimal solution of (2.17). 
with vector v t having positive components. In that way, the infeasibility problem is avoided and the obtained value gives an upper bound for the optimal value of the dual problem. Note that for sufficiently large vectors v t this upper bound coincides with the optimal value of the dual problem.
Dynamics of Lagrange multipliers.
Consider the two stage problem (2.9). It can be written as (2.20) min
where Q(x 1 , ξ 2 ) is the optimal value of the second stage problem
The Lagrangian of problem (2.21) is
In the dual form, Q(x 1 , ξ 2j ) is given by the optimal value of the problem (see (2.16))
We have that if x 1 =x 1 is an optimal solution of the first stage problem, then optimal Lagrange multipliers π 2j are given by the optimal solution of problem (2.22) .
This can be extended to the multistage setting of problem (2.1) (recall that the stagewise independence condition is assumed). At the last stage t = T , given optimal solutionx T −1 , the following problem should be solved (2.23 ) min
For a realization ξ T = ξ T j , the dual of problem (2.23) is the problem
We then have that π T j are given by the optimal solution of problem (2.24) . At stage t = T − 1, given optimal solutionx T −2 , the following problem is supposed to be solved (see
We have that Q T (·) is a convex piecewise linear function. Therefore for every realization ξ T −1 = ξ T −1j it is possible to represent (2.25) as a linear program and hence to write its dual. The optimal Lagrange multipliers of that dual give the corresponding Lagrange multipliers π T −1j . And so on for other stages going backward in time. That is, we have the following.
is an optimal solution of the primal problem, then for x t−1 =x t−1 the Lagrange multiplier π tj is given by the respective Lagrange multiplier of problem (2.8).
3. Sensitivity analysis.
also depends on parameter vector θ ∈ R k . Denote by ϑ(θ) the optimal value of the parameterized problem (2.1) considered as a function of θ, and by S(θ) and D(θ) the sets of optimal solutions of the respective primal and dual problems. Recall that the sets S(θ) and D(θ) are nonempty provided the optimal value ϑ(θ) is finite. We assume that the data functions are continuously differentiable functions of θ. Suppose further that for a given θ =θ the optimal value ϑ(θ) is finite and the sets S(θ) and D(θ) of optimal solutions are bounded. Then we have the following formula for the directional derivatives of the optimal value function (e.g., [5, Proposition 4.27] )
where L(x, π, θ) is the corresponding Lagrangian (see (2.2)) considered as a function of θ. In particular if S(θ) = {x} and D(θ) = {π} are singletons, then ϑ(·) is differentiable atθ and
Next, as an example, we consider sensitivity analysis of an inventory model.
3.2.
Application to an inventory model. Consider the inventory model
Here D 1 , ..., D T is a (random) demand process, a t , g t , h t are the ordering, back-order penalty and holding costs per unit, respectively, x t is the inventory level and y t − x t−1 is the order quantity at time t, the initial inventory level x 0 is given. We refer to [28] for a thorough discussion of that model. Note that D t is a random variable whereas d t stands for a particular realization. We assume that g t > a t ≥ 0, h t > 0, t = 1, ..., T . In the classical setting the demand process is assumed to be stagewise independent, i.e., D t+1 is assumed to be independent of D [t] = (D 1 , ..., D t ) for t = 1, ..., T − 1. In order to capture the autocorrelation structure of the demand process it is tempting to model it as, say first order, autoregressive process D t = µ+φD t−1 + t , where errors t are assumed to be a sequence i.i.d (independent identically distributed) random variables. However this approach may result in some of the realizations of the demand process to be negative, which of course does not make sense. One way to deal with this is to make the transformation Y t := log D t and to model Y t as an autoregressive process. A problem with this approach is that it leads to nonlinear equations for the original process D t , which makes it difficult to use in the numerical algorithms discussed below.
We assume that the demand is modeled as the following multiplicative autoregressive process
where φ ∈ (0, 1), µ ≥ 0 are parameters and D 0 ≥ 0 is given. The errors t are i.i.d with log-normal distributions having means and standard deviations given by E[ t ] = 1 and Var( t ) = σ 2 > 1, respectively. This guarantees that all realizations of the demand process are positive. It is possible to view (3.4) as a linearization of the log-transformed process log D t (cf., [26] ). See Section 3.2.1 for a discussion of statistical properties of the process (3.4). The process (3.4) involves parameters φ and µ which are supposed to be estimated from the data. As such, these parameters are subject to estimation errors. This raises the question of sensitivity of the optimal value ϑ = ϑ(φ, µ) of the corresponding problem (3.3) viewed as a function of φ and µ. To this end, we investigate the calculation of the derivatives ∂ϑ(φ, µ)/∂φ and ∂ϑ(φ, µ)/∂µ. With these derivatives at hand, asymptotic distributions of the estimates of φ and µ can be translated into the asymptotics of the optimal value in a straightforward way by application of the Delta Theorem.
Statistical properties of the multiplicative autoregressive process.
Consider the multiplicative autoregressive process (3.4) . Note that under the specified conditions the demand process is not stationary. Indeed, since the errors t are i.i.d and
Basic derivations.
Consider the inventory model (3.3) with the demand modeled as the multiplicative autoregressive process (3.4) . We view D t as additional state variables, governed by equations (3.4) . That is write problem (3.3) in the form
Here (x t , D t ) is viewed as state variables and t as the underlying random process. As before we denote by ϑ(φ, µ) the optimal value of problem (3.6) viewed as a function of φ and µ. In order to compute the derivatives of ϑ(φ, µ) we proceed as follows. Let us write the dynamic programming equations for problem (3.6) (as before we use notation [t] := ( 1 , ..., t )). At the last stage t = T we need to solve the problem (conditional on [T −1] ) (3.7) min
where the expectation is taken with respect to random variable T . We use here the property that y T and
is given by the optimal value of the problem
Note that constraints (3.4) of problem (3.6) are linear in D t , and hence the value functions Q t (·, ·) are convex. We now proceed to the dualization of constraints (3.4) . The Lagrangian of problem (3.6) is
and the Lagrangian dual of problem (3.6) is
We assume that the number of scenarios is finite. In that case the primal problem (3.6) can be written as a linear program and (3.10) as its dual, and hence the optimal values of problems (3.6) and (3.10) are equal to each other and both problems have optimal solutions. We can now write the following formulas for the derivatives of the optimal value function (see (3.1) and
where (x,ȳ) is an optimal solution of the primal problem andπ are the corresponding Lagrange multipliers. Note that the right hand sides of (3.11) and (3.12) do not depend on (x,ȳ), and thatπ is an optimal solution of the dual problem and is the same for any optimal solution (x,ȳ) of the primal problem. Note also that the demand process D t depends only on the initial value D 0 and realizations of the errors t . Therefore in order to compute the derivatives of ϑ(φ, µ) we only need to have a way to compute the Lagrange multipliersπ. The required Lagrange multipliers can be computed either by solving the respective dual dynamic programming equations or by solving the primal problem and use Lagrange multipliers of the dynamic equations of the primal problem (see Section 2.4). We also verified numerically that both ways produce the same Lagrange multipliers up to small numerical errors. Then the expectations in (3.11) and (3.12) can be estimated by generating realizations of the error process ( t ) and the corresponding averaging.
4. Dual SDDP. In this section, using the results of Section 2, we propose a solution method for dual problem (2.3) which converges to the optimal value of this problem and therefore to the optimal value of primal problem (2.1). For convenience of numerical calculations we formulate the problem in the following way. The corresponding Dual SDDP method is described for problems of form (2.1) splitting decision x t for stage t in state x t and control u t . More precisely, control variables u t satisfy the dynamics
deterministic matrices and vectors of appropriate dimensions and
. . , T , are random matrices and vectors (functions of ξ t ) of appropriate dimensions. That is, compared with (2.1), now the feasibility constraints are considered in the form (4.13) -(4.14).
We assume that decision u t at stage t is taken given ξ [t] := (ξ 1 , ξ 2 , . . . , ξ t ) generated by the data process. The cost function for stage t is c t x t + d t u t . Therefore, we have the following optimization problem
where the optimization is performed over policies π = ((
satisfying the feasibility constraints. The dual of (4.15) is given by
For such generic formulation, more convenient for applications, the interested reader can find the implementation of Primal SDDP and all variants of Dual SDDP described in this section at https://github.com/ vguigues/Dual SDDP Library Matlab and https://github.com/vguigues/Primal SDDP Library Matlab.
4.1.
Dual SDDP for problems with uncertainty in the right-hand side only. We first consider the case where only b t , f t is random in ξ t . In this case, dynamic programming equations (2.5), (2.6), (2.7) (which are DP equations for dual problem (4.16)) can be written:
for t = 2, . . . , T − 1:
and the first stage problem is
where, here and in what follows, D 1 denotes the set D 1 := {(π 1 , µ 1 ) :
We will make the following assumption.
(A2) For every stage t, any realization of ξ t−1 = (ξ 1 , . . . , ξ t ), and any state x t−1 , the feasible set for stage t is nonempty and bounded for all possible values of ξ t .
If the dual problem (4.16) satisfies the RCR assumption, we can apply an SDDP type method to compute upper approximations of functions V t in (4.17), (4.18), (4.19) . More precisely, concave value functions V t , t = 2, . . . , T , are approximated at the end of iteration k by polyhedral upper bounding functions V k t given by:
The algorithm also uses valid upper bounds on the norm of dual optimal solutions:
be an optimal solution of dual problem (4.16). Then for every t = 1, . . . , T , there is some compact set B t such that almost surely (π * t , µ * t ) ∈ B t . A proof of Lemma 4.1 and a way to obtain the corresponding sets B t can be found in [10] . The corresponding Dual SDDP algorithm is given in the Appendix and the convergence of the method is given in Theorem 4.2 below.
Theorem 4.2. Consider optimization problem (4.15) and let Assumptions (A1) and (A2) hold. Assume that RCR holds for dual problem (4.16) and that the samples in the forward passes are independent. Then the sequence V k generated by Dual SDDP is a deterministic sequence of upper bounds on the optimal value of (4.15) which converges to the optimal value of this problem.
As mentioned earlier, the RCR on the dual may not be satisfied, even if RCR holds for the primal. In the rest of this section, we discuss two variants of Dual SDDP adapted to this situation.
Dual SDDP with penalizations. Dual SDDP with penalizations is based on the developments of Section 2.3. It introduces slack variables in the constraints which may become infeasible for some past decisions in the subproblems solved in the forward passes of Dual SDDP. Slack variables are penalized in the objective function with sequences (q tk ) k and (r tk ) k of penalizing coefficients. Therefore, all subproblems solved in forward and backward passes of this variant of Dual SDDP, called Dual SDDP with penalizations, are always feasible and at iteration k, the method still builds polyhedral upper bounding function V k t for V t of form (4.20) (see Proposition 4.3). Dual SDDP we have just presented can be seen as a limiting case, obtained taking null sequences for penalizing coefficients (q tk ) k and (r tk ) k . Similarly to SDDP, trial points are generated in a forward pass and cuts for V t are computed in a backward pass. The detailed Dual SDDP method with penalizations is given below.
Dual SDDP with penalizations for DP equations (4.17), (4.18), (4.19) .
Initialization. For t = 2, . . . , T, take V 0 t ≡ +∞, i.e., take θ 0 t = +∞, β 0 t = 0, and γ 0 t = 0, for t = 2, . . . , T . Set iteration counter k to 1.
Step 1: forward pass (computation of dual trial points). Compute an optimal solution π k 1 , µ k 1 of (4.21)
An optimal solution of the problem above has N t components (π t1 , µ t1 ), (π t2 , µ t2 ), . . . , (π tNt , µ tNt ). We take (π k t , µ k t ) to be one of these components knowing that component i is sampled with probability p ti .
Step 2: backward pass (computation of new cuts). Let (α, λ, δ) be an optimal solution of 2 (4.23)
Compute the new cut coefficients
and the cut coefficients
Step 3: Do k ← k + 1 and go to Step 1.
The validity of the cuts computed in the backward pass of Dual SDDP with penalizations is shown in Proposition 4.3.
Proposition 4.3. Consider Dual SDDP algorithm with penalizations. Let Assumptions (A1) and (A2) hold for (4.15) and assume the samples in the forward passes are independent. Then for every t = 2, . . . , T , the sequence V k t is a nonincreasing sequence of upper bounding functions for V t , i.e., for every k ≥ 1 and
and therefore (V k ) (recall that V k−1 is the optimal value of (4.21)) is a nonincreasing deterministic sequence of upper bounds on the optimal value of (4.15).
To understand the effect of the sequence of penalizing parameters (q tk ) and (r tk ) on Dual SDDP with penalizations, we define the following Dynamic Programming equations: (4.25)
and we define the first stage problem
where e is a vector of ones and γ is a positive real number. As we will see below, V γ t can be seen as an upper bounding concave approximation of V t which gets "closer" to V t when γ increases. For inventory problem (3.3), it is easy to see that functions V t in DP equations (4.17), (4.18), (4.19) and functions V γ t in DP equations (4.25), (4.26), (4.27) (obtained using in these equations data c t , d t , A t , B t , C t , D t , E t , F t , b t , f t , corresponding to the inventory problem) are only functions of one-dimensional state variable π t−1 . Therefore, Dynamic Programming can be used to solve these Dynamic Programming equations and obtain good approximations of functions V t and V γ t . To obtain these approximations, we need to obtain approximations of the domains of functions V t and compute approximations of these functions on a set of points in that domain. To observe the impact of penalizing term γ on V γ t , we run Dynamic Programming both on DP equations (4.17), (4.18), (4.19) and on DP equations (4.25), (4.26), (4.27) for γ = 1, 100, and 1000, on an instance of the inventory problem with T = N t = 20. The corresponding graphs of V 2 (bold dark solid line) and of V γ 2 for γ = 1, 10, 1000, are represented in Figure 1 . We observe that all functions V γ 2 are, as expected, concave upper bounding functions for V 2 finite everywhere. We also see that on the domain of V 2 , V γ 2 gets closer to V 2 when γ increases and eventually coincides with V 2 on this domain when γ is sufficiently large. Similar graphs were observed for remaining functions V t , V γ t , t = 3, . . . , T . Therefore, convergence of Dual SDDP with penalizations requires the coefficients q tk and r tk to become arbitrarily large:
Theorem 4.4. Consider optimization problem (4.15) and Dual SDDP with penalizations applied to this problem. Let Assumptions (A1) and (A2) hold. Assume that the samples in the forward passes are independent and that lim k→+∞ q tk = lim k→+∞ r tk = +∞ for all stage t. Then the sequence V k is a deterministic sequence of upper bounds on the optimal value of (4.15) which converges to the optimal value of this problem.
Dual SDDP with feasibility cuts. For dual problems not satisfying the RCR assumption, a subproblem for a given stage t in the forward pass can be infeasible. In this situation, as was done in Section 5 of [8] for SDDP, we can build a feasibility cut for stage t − 1 and go back to the previous stage t − 1 to resolve the problem with that feasibility cut added, and so on until a sequence of feasible states is obtained for all stages. The backward pass is similar, with the feasibility cuts added. More precisely, we define for stage t the set
where matrices and vectorsC t ,F t ,d t are updated along the iterations and such that a feasible π t , µ t must belong to S t . The detailed algorithm is given below and the analysis of the algorithm is given in the Appendix.
Dual SDDP with feasibility cuts for DP equations (4.17), (4.18), (4.19) .
Initialization. For t = 2, . . . , T, take V 0 t ≡ +∞, i.e., take θ 0 t = +∞ and β 0 t = 0, γ 0 t = 0, for t = 2, . . . , T . Set iteration counter k to 1.
Step 1: forward pass (computation of dual trial points). t = 1. While t ≤ T if t = 1 compute an optimal solution π k 1 , µ k 1 of
and do t ← t + 1. else if t = T //Check feasibility of the subproblem for stage T given (π k T −1 , µ k T −1 ) computing an optimal //solution δ, α, λ of
where e is a vector of ones.
else t ← t + 1 end if else compute an optimal solution δ, α, λ of
where e is a vector of ones. ifṼ t (π k t−1 , µ k t−1 ) > 0 then add toC t−1 the row -(A t−1 δ) , add toF t−1 the row -(D t−1 δ) ,
else compute an optimal solution (π k t , µ k t ), of
An optimal solution of the problem above has N t components (π t1 , µ t1 ), (π t2 , µ t2 ), . . ., (π tNt , µ tNt ). We take (π k t , µ k t ) to be one of these components knowing that component i is sampled with probability p ti and do t ← t + 1.
end if end if end if end while
Step 2: backward pass. Compute a new cut for V t to build V k t exactly as in Dual SDDP.
The validity of the feasibility and optimality cuts computed by Dual SDDP with feasibility cuts is given in Proposition 4.5 below.
Proposition 4.5. Consider optimization problem (4.15) and let Assumptions (A1) and (A2) hold. The following holds for Dual SDDP with feasibility cuts:
(i) all subproblems solved in the forward passes are feasible and almost surely after a finite number of iterations no feasibility cuts are added. (ii) For every t = 2, . . . , T , the sequence V k t generated by Dual SDDP with feasibility cuts is a nonincreasing sequence of upper bounding functions for V t and therefore (V k ) is a nonincreasing deterministic sequence of upper bounds on the optimal value of (4.15). Theorem 4.6. Consider Dual SDDP with feasibility cuts applied to optimization problem (4.15) and let Assumptions (A1) and (A2) hold. Assume that the samples in the forward passes are independent. Then the sequence V k is a deterministic sequence of upper bound on the optimal value of (4.15) which converges to the optimal value of this problem.
4.2.
Dual SDDP for problems with uncertainty in all parameters. We have seen in Section 2.1 how to write DP equations on the dual problem of a MSLP when all data (A t , B t , c t , b t ) in (ξ t ) is random. In this situation, cost-to-go functions V t are functions V t (π t−1 , µ t−1 , ξ t−1 ) of both past decision (π t−1 , µ t−1 ) and past value ξ t−1 of process (ξ t ). Also recall that functions V t (·, ξ t−1 ) are concave for all ξ t−1 . Therefore, Dual SDDP and Dual SDDP with penalizations from the previous section must be modified as follows. For each stage t = 2, . . . , T, instead of computing just one approximation of a single function (function V t ), we now need to compute approximations of N t functions, namely concave cost-to-go functions V t (·, ξ t−1j ), j = 1, . . . , N t . The approximation V k tj computed for V t (·, ξ t−1j ) at iteration k is a polyhedral function V k tj given by:
Therefore more computational effort is needed. However, the adaptations of the method can be easily written.
More specifically, at iteration k, in the forward pass, dual trial points are obtained replacing V t (·, ξ t−1j ) by V k−1 tj and in the backward pass a cut is computed at stage t for V t (·, ξ t−1j k ) with j k satisfying ξ t−1j k =ξ k t−1 whereξ k t−1 is the sampled value of ξ t−1 at iteration k. 4.3. Dual SDDP for problems with interstage dependent cost coefficients. We consider problems of form (2.1) where costs c t affinely depend on their past while b t are stagewise independent. Specifically, similar to derivations of Section 3.2, suppose that c t follow a multiplicative vector autoregressive process of form
with (x • y) i = x i y i denoting the componentwise product, and where matrices Φ tj and vectors µ t ≥ 0 as well as c 0 , c 1 , . . . , c 1−p ≥ 0 are given. We assume that the process (b t , ε t ) is stagewise independent and that the support of b t , ε t is the finite set
with ε ti > 0 and p ti = P((b t , ε t ) = (b ti , ε ti )), i = 1, . . . , N t . For some values of Φ tj (for instance for matrices with nonnegative entries), this guarantees that all realizations of the price process (c t ) are positive. The developments which follow can be easily extended to other linear models for (c t ), for instance SARIMA or PAR models, see [7] for the definition of state vectors of minimal size for generalized linear models.
For the corresponding primal problem (of the form (2.1)), we can write the following Dynamic Programming equations: define Q T +1 ≡ 0 and for t = 2, . . . , T ,
while the first stage problem is min
The standard SDDP does not apply directly to solve Dynamic Programming equations (4.33)-(4.34) because functions Q t given by (4.33)-(4.34) are not convex. Nevertheless, we can use the Markov Chain discretization variant of the SDDP to solve Dynamic Programming equations (4.33)-(4.34). On the other hand, as it was pointed above, it is possible to apply the SDDP method for the dual problem with the added state variables.
We first write Dynamic Programming equations for the dual of (2.1) with (c t ) of form (4.32). For the last stage T , we have to solve the problem:
Next for stage t = 2, . . . , T − 1, given V t+1 , we need to solve the problem (4.36)
while the first stage problem is
Observe that functions V t in (4.35)-(4.36) are concave. Dual SDDP with penalizations applied to DP equations (4.35)-(4.36) builds polyhedral approximations of these functions of form
at iteration k. At iteration k, a forward pass computes trial points π k t−1 , c k t−1 , . . . , c k t−p at which cuts are computed for V t in a backward pass. As before, we denote by B t a compact set containing the set of optimal dual solutions for stage t. The algorithm is given below.
Step 0. Initialization. Coefficients β 0 tj , θ 0 t are chosen in such a way that V 0 t is an upper bound on V t . Define positive penalizing sequences (q tk ) k for t = 2, . . . , T and set the iteration counter k to one.
Step 1. Forward pass. Sample a trajectory c 1 , c k 2 , . . . , c k T , of process (c t ) for stages t = 1, . . . , T . Find an optimal solution π k 1 of (4.39) max
For t = 2, . . . , T − 1, compute an optimal solution (π t1 , . . . , π tNt , v t ) of (4.40)
Take π k t = π tj(t,k) where index j(t, k) is such that ε k t = ε tj(t,k) . Step 2. Backward pass. Compute an optimal solution (δ, λ 1 , . . . , λ N T ) 3 of (4.41)
For t = T − 1, . . . , 2, compute an optimal solution (π t1 , . . . , π tNt , Ψ 1 , . . . , Ψ Nt , v t ) 4 of (4.42)
Step 4. Do k ← k + 1 and go to Step 1.
It is easy to check that the cut
computed at iteration k given by (4.43) is an upper bounding function for V t . Moreover, under Assumption (A2) and if samples in the forward passes are independent, the sequence of optimal values of the approximate first stage problems converges almost surely to the optimal value of the problem.
Numerical experiments.
In this section, we report numerical results obtained applying Primal SDDP and variants of Dual SDDP to the inventory problem and to a Brazilian interconnected power system problem. All methods were implemented in Matlab and run on an Intel Core i7, 1.8GHz, processor with 12,0 Go of RAM. Optimization problems were solved using Mosek [1] .
5.1.
Dual SDDP for the inventory problem. We consider the inventory problem (3.3) which is of form (4.15). The following parameters are chosen: a t = 1.5 + cos( πt 6 ), p ti = 1 N where N is the number of realizations for each stage, ξ tj = (5 + 0.5t)(1.5 + 0.1z tj ) where (z t1 , . . . , z tN ) is a sample from the standard Gaussian distribution, x 0 = 10, g t = 2.8, and h t = 0.2.
Illustrating the correctness of DP equations (4.17), (4.18), (4.19) , and checking the convergence of the variants of Dual SDDP. We solve this inventory problem using Dynamic Programming applied both to DP equations (4.17)-(4.18) and to DP equations (4.25)-(4.26) for γ = 1, 10, 1000. In this latter case, we obtain approximations of functions V γ t . We also run Primal SDDP, Dual SDDP with feasibility cuts, and Dual SDDP with penalties q tk = r tk = 1, 10, 1000, on the same instance, knowing that Dual SDDP variants were run for 100 iterations (the upper bounds computed by these methods stabilize in less than 10 iterations) and Primal SDDP was stopped when the gap is < 0.1 where the gap is defined as
where U b and Lb correspond to upper and lower bounds computed by Primal SDDP along iterations. The lower bound Lb is the optimal value of the first stage problem and the upper bound U b is the upper end of a 97.5%-one-sided confidence interval on the optimal value obtained using the sample of total costs computed by all previous forward passes. With this stopping criterion and the considered instance of the inventory problem, Primal SDDP was run for 232 iterations.
In Figure 2 , we report the graph of V 2 and the cuts computed for V 2 by Dual SDDP with feasibility cuts (right panel), Dual SDDP with penalties q tk = r tk = 1000 (left panel), and Dual SDDP with penalties q tk = r tk = 100 (middle panel). All cuts are, as expected, upper bounding affine functions for V 2 on its domain. However, it is interesting to notice that for Dual SDDP with feasibility cuts, few different cuts are computed and these cuts are tangent or very close to V 2 . On the contrary, the variants of Dual SDDP with penalties, especially for penalties q tk = r tk = 100, compute many cuts that are dominated by others on the domain of V 2 . Therefore, cut selection techniques, for instance along the lines of [9] [12] using Limited Memory Level 1 cut selection, could be useful for Dual SDDP.
We report in Table 1 the approximate optimal values and the time needed to compute them with Primal SDDP, Dual SDDP, and Dynamic Programming applied to respectively (4.17), (4.18), (4.19) and (4.25), (4.26), (4.27) with γ = 1, 100, 1000. The approximate optimal values reported are the last upper bound computed for variants of Dual SDDP and the last lower bound computed for Primal SDDP. All approximate optimal values are very close (showing that all variants were correctly implemented) and Dynamic Programming is much slower than the other sampling-based algorithms. For Dual SDDP with penalization, if penalties are too small the upper bound can be +∞ while if penalties are sufficiently large the algorithm converges to an optimal policy. Finally, we report for this instance in Figure 3 the evolution of the lower bound Lb and upper bound U b computed by Primal SDDP and the upper bounds computed by Dual SDDP with penalties q tk = r tk = 1000 and Dual SDDP with feasibility cuts. With Dual SDDP, the upper bound is naturally large at the first iteration but decreases much quicker than the upper bound U b computed by Primal SDDP, especially for Dual SDDP with feasibility cuts, with all upper bounds converging to the optimal value of the problem.
Tests on a larger instance. We now run Primal and Dual SDDP on a larger instance with T = N t = 100 for 600 iterations. The evolution of the upper bounds computed along the iterations of Dual SDDP (both with feasibility cuts and with penalizations q tk = r tk = 1000) and of the upper and lower bounds computed by Primal SDDP for the first 100 iterations are represented in Figure 4 . We also report in Table  2 the values of these bounds for iterations 2, 3, 5, 10, 50, 100, 200, 300, 400, 500, and 600. We see that for the first iterations, the upper bound decreases more quickly with the variants of Dual SDDP, the most important decrease being obtained for Dual SDDP with feasibility cuts. However, on this instance, the convergence of Dual SDDP with feasibility cuts is slower, i.e., a solution of high accuracy is obtained quicker using Dual SDDP with penalizations. More precisely, we fix confidence levels ε = 0.2, 0.15, 0.1, 0.05, 0.01, and for each confidence level, we compute the time needed, running Primal and Dual SDDP in parallel, to obtain a solution with relative accuracy ε stopping the algorithm when the upper bound Ub D computed by a variant of Dual SDDP and the lower bound Lb, computed by Primal SDDP, satisfies (Ub D-Lb)/Ub D< ε. The results are reported in Table 3 . In this table, we also report the time needed to obtain a solution of relative accuracy ε using only the information provided by Primal SDDP, stopping the algorithm when (Ub-Lb)/Ub< ε.
We observe that if ε is not too small, the smallest CPU time is obtained combining Primal SDDP with Dual SDDP with feasibility cuts while when ε is small (0.05 and 0.01) the smallest CPU time is obtained combining Primal SDDP with Dual SDDP with penalizations. For ε = 0.05 and 0.01, 600 iterations are even not enough to get a solution of relative accuracy ε using Primal SDDP or combining Primal SDDP and Dual SDDP with feasibility cuts. In Figure 5 , we report the cumulative CPU time along iterations of all methods. We see that each iteration requires a similar computational bulk and the CPU time increases exponentially with the number of iterations.
Finally, for Dual SDDP with penalizations, we report in Figure 8 for each stage t, where ν k+ t , ν k− t are optimal solution of ν + t , ν − t in (4.22) for iteration k. The corresponding values are positive, meaning that indeed RCR does not hold for the dual of the inventory problem.
Sensitivity analysis for the inventory problem.
Consider the inventory problem of Section 5.1 with (D t ) as in (3.4) and T = 10 stages. Our goal is to compute the derivatives in (3.11) solving the primal and dual problems by respectively Primal and Dual SDDP. We consider 4 instances with (φ, µ) = (0.01, 0.1), (0.01, 3.0), (0.001, 0.1), and (0.001, 3.0). The remaining parameters of these instances are those from the previous section. We discretize both the primal and dual problem into N t = 100 samples for each stage t = 2, . . . , 10. We take the relative error ε = 0.01 for the stopping criterion and use 10 000 Monte Carlo simulations to estimate the expectations in (3.11) . For Primal SDDP, the upper bound Ub and lower bound Lb at termination are given in Table 4 for the four instances. The optimal mean values of Lagrangian multipliers for the demand constraints computed, for a given stage t ≥ 2, averaging over the 10 000 values obtained simulating 10 000 forward passes after termination, are given in Table 5 . In this table, LM stands for the multipliers obtained using Primal SDDP as explained in Remark 2.4 whereas Dual stands for the multipliers obtained using Dual SDDP with penalties. The fact that the multipliers obtained are close for both methods illustrates the validity of the two alternatives we discussed in Sections 3-4 to compute derivatives of the value function of a MSP.
With optimal dual solutions {π t } and the realizations of {D t } and { t } at hand, we are able to compute the sensitivity of the optimal value with respect to φ and µ, using (3.11) and (3.12) , with expectations estimated for 10 000 Monte Carlo simulations. We benchmark our method against the finite-difference method. Specifically, for value function ϑ, the finite-difference method approximates the derivative with respect to
for some small δ. The sensitivity of the optimal value of the inventory problem with respect to (φ, µ) is displayed in Table  6 . In this table, S-φ and S-µ denote the derivatives with respect to φ and µ computed by our method, and fd-φ, fd-µ denote the derivatives computed by the finite-difference method. In order to measure the difference between the two methods, we also compute S-gap-φ and S-gap-µ, where S-gap-φ := |fd-φ−S-φ| |fd-φ| × 100% and S-gap-µ := |fd-µ−S-µ| |fd-µ| × 100%. We observe that the derivatives obtained by both methods are close to each other, especially when Table 6 Sensitivity of the optimal value with respect to φ and µ by the two methods.
φ and µ are small. This is because small φ and µ gives rise to less variability in the demand. Note also that the finite-difference method is more time consuming since it requires computing the optimal value twice. Instead, our method only needs to solve the model once. Moreover, computing the Lagrange multipliers does not significantly consume CPU time, as they are generated as a by-product of Primal SDDP. Alternatively, as discussed above, one can compute the optimal multipliers using Dual SDDP with penalties. Another drawback of the finite-difference method lies in its numerical instability. Indeed, the method is more accurate when δ is very small. However, the division by a very small number generates bias while our approach is more stable.
5.3.
Dual SDDP for an hydro-thermal generation problem. We repeat the experiments of Section 5.1 for the Brazilian interconnected power system problem given in [29] for T = 12 stages and N t = 50 inflow realizations for every stage. These realizations are obtained calibrating log-normal distributions for each month of the year using historical data of inflows and sampling from these distributions. The data used for these simulations (including the inflow scenarios) is available on Github 5 .
We solve this problem using Primal SDDP and Dual SDDP with penalization (the variant of Dual SDDP presented in Section 6.2). For this variant of Dual SDDP, a general procedure to define sequences of penalizations (q tk ), (r tk ) ensuring convergence of the corresponding Dual SDDP method is to take q tk = r tk = γ 0 α k−1 , k ≥ 1, t = 2, . . . , T , with α > 1, γ 0 > 0. For numerical reasons, we also take a large upper bound U for these sequences and use
We consider three variants of Dual SDDP: for the first variant, denoted by Dual SDDP 1, q tk = r tk are as in (5.1) with γ 0 = 10 4 , α = 1.3, U = 10 10 . To illustrate the fact that for constant sequences q tk , r tk = γ 0 , Dual SDDP converges (resp. does not converge) for sufficiently large constants γ 0 (resp. sufficiently small constants γ 0 ) we also define two other variants corresponding to U = +∞, γ 0 = 10 9 , α = 1, and U = +∞, γ 0 = 10 6 , α = 1, in (5.1), respectively denoted by Dual SDDP 2 and Dual SDDP 3. We run Dual SDDP for 1000 iterations and Primal SDDP for 3000 iterations. The evolution of the upper and lower bounds computed by the methods for the first 1000 iterations is given in Figure 6 . 6 More precisely, the values of these bounds for iterations 2, 5, 10, 50, 100, 150, 200, 250, 300, 350, 400, 1000, and 3000 are reported in Table 7 . We observe that parameter γ 0 for Dual SDDP 3 is too small to allow this method to converge to the optimal value of the problem whereas the other two variants Dual SDDP 1 and Dual SDDP 2 of Dual SDDP converge. Naturally, these methods start with large upper bounds but after a few tens of iterations the upper bounds with Dual SDDP 1 and Dual SDDP 2 are better than the upper bound computed by Primal SDDP. In particular, it is interesting to notice that the best (lowest) upper bounds are obtained with the variant of Dual SDDP that uses adaptive penalizations, i.e., penalizations that increase with the number of iterations before reaching value U in (5.1).
We also report in Table 8 the relative error
for iterations i = 100, 200, 300, 400, 500, 800, and 1000 for all methods M where Upper M (i) and Lower SDDP (i) are respectively the upper bound computed by method M at iteration i and the lower bound computed by Primal SDDP at iteration i. For iterations 300 on, the relative error is much smaller with variants of Dual SDDP, meaning that Primal SDDP overestimates the optimality gap.
However, each iteration of Dual SDDP takes more time as can be seen in Figure 7 which reports the cumulative CPU time for all methods. More precisely, running Dual and Primal SDDP in parallel, we can compute the time needed to obtain a solution of relative accuracy ε using the standard stopping criterion for Primal SDDP (see [24] ) or using the lower bound from Primal SDDP and the upper bound from Dual SDDP, and computing the relative error obtained with these bounds each time a new bound (either lower bound or upper bound) is computed. The results are reported in Table 9 . We see that due to the fact that Dual SDDP iterations are more time consuming, for all relative accuracies but one, the use of the stopping criterion based on Dual SDDP upper bounds requires more computational bulk. From this experiment, performed on a larger problem (in terms of size of the state vector and number of control variables for each stage) than the inventory problem of Section 5.1, it seems that the use of Dual SDDP for a stopping criterion of Primal SDDP will decrease the overall computational bulk only for small problems (having a limited to small number of controls, state variables, and scenarios).
Finally, as an evidence of the fact that RCR still does not hold for the dual of the hydro-thermal problem, we report in Figure 9 in the Appendix the evolution of the mean and maximal (computed across iterations) constraint violations for all stages t = 2, 3, . . . , 12. For most stages, these violations are null or small but for stages 2 and 12 they can be large. For t = T − 1, . . . , 2, compute an optimal solution (ν, λ, δ) of min ν,λ,δ
ν 0 , . . . , ν k ≥ 0, and the cut coefficients
Proof of Theorem 4.2. It suffices to combine Proposition 4.3 with the convergence proof of SDDP from [21] .
Analysis of Dual SDDP with penalizations.
To analyze Dual SDDP with penalizations, it is convenient to introduce the sequence of functions
ν + T , ν − T ≥ 0, and for t = 2, . . . , T − 1, the sequences of functions
We will use the following lemma: Lemma 6.1. Assume that problem (4.15) is feasible and has a finite optimal value. Then for t = 1, . . . , T − 1, there exists (π t , µ t ) such that
and there exists (π T , µ T ) such that
Proof. Since the primal problem is linear, feasible, and has a finite optimal value then its dual, given by (4.16) , is also feasible and has a finite optimal value which is the optimal value of the primal. The result follows recalling the constraints of dual problem (4.16)
Proof of Proposition 4.3. We show by induction on k that V t ≤ V k t for t = 2, . . . , T . For k = 0 these relations hold by definition. Assume that for some k we have V t ≤ V k t for t = 2, . . . , T . We show by backward induction on t that V t ≤ V k+1 t for t = 2, . . . , T . Observe that for any (π T −1 , µ T −1 ), optimization problem (6.1) with optimal value V k T (π T −1 , µ T −1 ) is feasible. Indeed, using Lemma 6.1, there exist points (π T j , µ T j ) satisfying the first three groups of constraints and for every such points we can find ν + T , ν − T ≥ 0 satisfying the fourth group of constraints. Therefore V k T (π T −1 , µ T −1 ) is finite for every (π T −1 , µ T −1 ) and is the optimal value of the corresponding dual optimization problem, i.e., for any (π T −1 , µ T −1 ) we get
Using this dual representation and the definition of θ k t (π t−1 , µ t−1 ) as the optimal value of the corresponding dual problem, i.e., 
A T π T j + D T µ T j = c T , j = 1, . . . , N T , C T π T j + F T µ T j = d T , j = 1, . . . , N T , µ T j ≤ 0, j = 1, . . . , N T , ν + , ν − ≥ 0, where e is a vector of ones. Clearly this problem is feasible and the optimal value of this problem is finite. Therefore the optimal value of this problem is also the optimal value its dual which is given by (6.8)
p T j B T δ + A T α j + C T λ j = 0, j = 1, . . . , N T , p T j E T δ + D T α j + F T λ j ≥ 0, j = 1, . . . , N T , −e ≤ δ ≤ e.
Recalling definition (4.29) ofṼ T , the optimal value of both (6.7) and (6.8) isṼ T (π T −1 , µ T −1 ). Moreover, if π T −1 , µ T −1 is feasible for stage T − 1 then necessarilyṼ T (π T −1 , µ T −1 ) = 0. Therefore, either V T (π k T −1 , µ k T −1 ) = 0 and π k T −1 , µ k T −1 is feasible for stage T − 1 orṼ T (π k T −1 , µ k T −1 ) > 0 and in this case using the convexity ofṼ T , if π T −1 , µ T −1 is feasible then
where α, λ, δ is an optimal solution to (4.29) and we obtain the feasibility cut given in the algorithm. This feasibility cut is added to the problem of the previous stage and the subproblem for this previous stage is re-solved with this feasibility cut added. Now for a given stage t < T , consider the linear program (6.9)
C t π tj + F t µ tj = d t , j = 1, . . . , N t , C t π tj +F t µ tj ≤d t , j = 1, . . . , N t , µ tj ≤ 0, j = 1, . . . , N T , ν + , ν − ≥ 0, where e is a vector of ones. Clearly this problem is feasible and the optimal value of this problem is finite. Therefore the optimal value of this problem is also the optimal value its dual which is given by (6.10)
p tj B t δ + C t λ j +C tλj = 0, j = 1, . . . , N t , p tj E t δ + F t λ j +F tλj ≥ 0, j = 1, . . . , N t , −e ≤ δ ≤ e,λ j ≤ 0, j = 1, . . . , N t .
Recalling definition (4.30) ofṼ t , the optimal value of both (6.9) and (6.10) isṼ t (π t−1 , µ t−1 ). Moreover, if π t−1 , µ t−1 is feasible for stage t − 1 then necessarilyṼ t (π t−1 , µ t−1 ) = 0. Therefore, eitherṼ t (π k t−1 , µ k t−1 ) = 0 and in this case π k t−1 , µ k t−1 yields a feasible dual state in stage t and we solve problem (4.31), which is therefore feasible, to compute π k t , µ k t . OrṼ t (π k t−1 , µ k t−1 ) > 0 and in this case using the convexity ofṼ t , if π t−1 , µ t−1 is feasible then 0 =Ṽ t (π t−1 , µ t−1 ) ≥ Nt j=1 d t λ j +d tλj + δ (c t−1 − A t−1 π t−1 − D t−1 µ t−1 )
where α, λ, δ is an optimal solution to (4.30) and we obtain the feasibility cut given in the algorithm. This feasibility cut is added to the problem of the previous stage and the subproblem for this previous stage is re-solved with this feasibility cut added. Finiteness of the number of feasibility cuts can be shown as in Theorem 5.1 in [8] .
Proof of Theorem 4.6. The proof follows the steps of Theorem 5.1 in [8] and uses Proposition 4.3 for the validity of the cuts. 
